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Abstract 

In this article, we show in the ADE case that the fusion product 
of Kirillov-Reshetikhin modules for a current algebra, whose character 
is expressed in terms of fermionic forms, can be constructed from one- 
dimensional modules by using Joseph functors. As a consequence, we 
obtain some identity between fermionic forms and Demazure operators. 
Since the same identity is also known to hold for one-dimensional sums of 
nonexceptional type, we can show from these results the X = M conjec- 
ture for type A„ and Dn^. 

1 Introduction 

Let g be an affine Kac-Moody Lie algebra with index set /, and C/g(fl) the 
corresponding quantum affine algebra without the degree operator. In (101 [5]. 
it was conjectured that a certain subfamily of finite-dimensional J7g(0)-modules 
known as Kirillov-Reshetikhin (KR for short) modules W^'^ has crystal bases 
B'"'^ called KR crystals. Here the index r corresponds to a node of /q = / \ {0} 
where is the node specified in [T^, and ^ is a positive integer. This conjecture 
has been confirmed in many cases, in particular when g is nonexceptional |23j . 

Let B = B'^p'^p (g) • • • (8) B^'i'^i be a tensor product of KR crystals. In [TOlin], 
the authors defined the one-dimensional sum 

beB 
eib=0 (ie/o) 
wt(b)— /X 

where /x is a dominant integral weight of the simple Lie subalgebra go C g whose 
Dynkin nodes are Iq, D is a certain Z- function on B called the energy function, 
and Ci are Kashiwara operators. Then they conjectured that X{B,fi,q) has an 
explicit expression Af (f , /x, q) called the fermionic form, where v is the sequence 
of elements of Iq x Z>o corresponding to B. This conjecture is called the X = M 
conjecture, which was confirmed in many instances [151 1251 126) . but a proof in 
full generality has not been available except for the type g = An^ in [15]. It 
should be mentioned that this conjecture was recently settled for nonexceptional 
g under the large rank hypothesis by combining the results in [TS] , [TH] and [32] , 
and for general g if = • • • = = 1 [20^. 

Recently, an identity was proved in |21) which connects one-dimensional 
sums of nonexceptional type with Demazure operators. Let us recall the result 
briefly. For simplicity, we assume g is of type An^ or Dn'' here. Denote by P 
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the weight lattice of g and by Di for i G I the Demazure operator on the group 
ring Z[P] defined by 

where the simple reflection Si acts on Z[P] by Si{e-^) = e^'^^\ Let W be the Weyl 
group oi Q,W the extended affine Wey]__group, and S the subgroup of the group 
of Dynkin automorphisms such that W = W H (for the precise definition, 
see Section [S]) . Then for each t G S and w G W with a reduced expression 
w = Si^ ■ ■ ■ Si-^ , Dt^,r is defined by = Di^, ■ ■ ■ Di^ o r (this definition does not 
depend on the choice of the expression). Let now B = B'^p-^p ®---® B"^^'^^ be a 
tensor product of KR crystals such that li < ■ ■ ■ < tp^ Pq the set of dominant 
integral weights of goj a-nd Vg^ {^) the irreducible go-module with highest weight 
/i e Pq*'. Then the following identity was proved in [21) . where C is some 
constant and we set q = e^^: 

qC^i.Ao X{B,^i,q)chVM (1.1) 

Here 5 is the null root, Aq is the fundamental weight of g associated with the 
node 0, Wi are the fundamental weights of go, wq is the longest element of the 
Weyl group of go, and £ W are the translations. 

The goal of this article is to show the identity (|l.ip with the one-dimensional 
sums replaced by the corresponding fermionic forms. Namely, we will prove the 
following result as a corollary of Theorem 11.21 stated below (Corollary 17. 3^ : 

Corollary 1.1. Assume that g is of nontwisted type and go is of ADE type. 
Let V — ((ri,£i), . . . , {rp^lpf) he a sequence of elements of Iq x Z>o such that 
^1 < • • • < ■ Then we have 

qC^i^Ao ^ Miu,^i,q)chV,M 

= Dt , (e^i.-i.~^)^o...j^ ,(e(^^-^i)Ao -A , ,(e'^^"))---') 

with some constant C, where we set q = . 

Then as an immediate consequence of (jl.ip and this corollary, the X = M 
conjecture for A^n^ and D^n^ is settled (Theorem 17.51) . 

Our strategy of the proof of Corollarv ll.ll is to show the isomorphism between 
two modules whose characters are equal to the left hand side and the right 
hand side respectively. Let us describe what these modules are. The module 
corresponding to the left hand side is the fusion product of Kirillov-Reshetikhin 
(KR) modules for the current algebra go ® C[t]. KR modules for go ® C[i], 
which we denote by KRT^^ (r e /o, € G Z>o) in this article, were defined in 
[3JI3] in terms of generators and relations. They can also be obtained from W"^'^ 
(KR modules for C/^(g)) by specialization and restriction, which is why they 
are so named. The fusion product is a refinement of the usual tensor product 
defined in [6j, which constructs a cyclic graded (go ® C[t])-module from some 
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such modules. It was proved by Di Francesco and Kedem in [S] that the fusion 
product of KR modules has the required (graded) character. Namely, they 
proved the following character formula for the fusion product of KR modules: 
for a sequence v — ((ri, ),..., (r^, ^p)) of elements of /q x Z>o, we have 

ch.KEJ'''^^^ *---*KEr^'^^ ^ ^ M(iy,/i,g)chFgo(/i), (1.2) 

where * denotes the fusion product. 

To present the module corresponding to the right hand side, we recall the 
definition of Joseph functors introduced by Joseph [TT]. Let f) be a Cartan 
subalgebra of g, b a Borel subalgebra of g containing f), and pi for i S / the 
parabolic subalgebra associated with the set {«} containing b. We denote by 
b-Mod (resp. p^-Mod) the category of finite-dimensional [}-semisimple left b- 
modules (resp. p^-modules). Then the functor Vi: b-Mod p^-Mod is defined 
as the left adjoint functor of the restriction functor p^-Mod — > b-Mod. For 
w & W with a reduced expression w = Si^ ■ ■ ■ Si-^, the Joseph functor Dm is 
defined by 

'Dm = A, • • • : b-Mod ^ b-Mod, 

which does not depend on the choice of the expression. We also define "D^jt 
for w e W and r G E by V^^r = o (t~^)*, where (r~^)* denotes the pull- 
back functor associated with the Lie algebra automorphism of b. Then the 
b-module corresponding to the right hand side of Corollary 11.11 is constructed 
using these functors as follows: 




From the results of llj and [Tfil, we can easily see that chP^Af = D^jChM 
holds for w G ly if a b-module M has a Demazure flag (see Definition [^3). It is 
checked from this fact that the above module in fact has the required character. 

Now, what we have to prove is the following isomorphism, which is our main 
theorem in this article (Theorem 16. ip : 

Theorem 1.2. Assume that q is of nontwisted type and Qq is of type ADE. 
Let KR^^-^^, . . . , KK^p'^p be a sequence of KR modules such that £i < ■ ■ ■ < ip- 
Then there exists an isomorphism of b-modules 

Ci^Ao+cs ® (KR^^P'^p KR"^-''^ * KR^-^''^) 

= T^t^oi^,.^) [C{^,-l,^^)Ko ® ■ ■ • ® ^'t^oC".^) ('^(^2-^i)Ao ® ^'t^oC™., ) Ao) ' ' ' ) 

with some constant C, where the left hand side is naturally regarded as a b- 
module. 

As explained above. Corollary 11.11 follows as a direct consequence of this 
theorem. It should be remarked that this theorem for g = A^j^^ is already 
proved by Feigin and Loktev in [5]. 

The plan of this article is as follows. In Section [51 we review the results on 
Demazure modules and Joseph functors. In Section[21 we prepare some notation 
and elementary lemmas concerning a nontwisted affine Lie algebra. In Section 
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SI we recall the definition of KR modules for a current algebra. For the later 
convenience, we define them as p7„-modules in this article, where p/j, denotes the 
parabolic subalgebra associated with Iq. In Section [5l we recall the definition 
of fusion products. Then we state our main theorem in Section |51 and explain 
in Section [7] how the X = M conjecture for type An^ and Dn^ is deduced from 
this theorem. The last two sections are devoted to prove the main theorem. In 
Section [SI we introduce the b-fusion product, which is some modified version 
of the fusion product constructing a b-module from some b-modules. Then in 
Section [9l we give the proof of the main theorem using fa-fusion products. 

Acknowledgments: The author would like to express his gratitude to R. 
Kodera, S. Naito and Y. Saito for a lot of helpful discussions and comments. 

2 Demazure modules and Joseph functors 

Let g be a complex symmetrizable Kac-Moody Lie algebra with index set / and 
Chevalley generators {ci, fi \ i & I}, b C q its Borel subalgebra, and () C fa its 
Cartan subalgebra. Let S [)* (z S /) be the simple roots, G t) {i € I) the 
simple coroots, and W the Weyl group of g with simple reflections si {i £ I). 
Denote by 

P={Xei)* \ (A, a/) eZioiiel} and 
P+ = {A e P I (A, a,'') e Z>o for i G /} 

the weight lattice and the set of dominant integral weights respectively. For a 
()-module M, we denote by M\ for A e f)* the weight space 

Ma = {v e M I hv = (A, h)v for h e i)}. 

We call a vector v oi M a, weight vector if u G M\ for some A G f)*. 

Denote by V{X) the irreducible highest weight g-module with highest weight 
A G ■ For w G M^, let u^x be a nonzero vector of the one-dimensional weight 
space T^(A)^A- 

Definition 2.1. For A G and w G W, the fa-submodule 

is called the Demazure module associated with A and w. 

For a subset J C /, we denote by pj the parabolic subalgebra associated with 
J, which is the Lie subalgebra of g generated by fa and {fi | i G J}. Note that 
p0 = b. If J = {i}, we denote pj by pi. In this article, we denote by pj-Mod the 
category of finite-dimensional f)-semisimple left pj-modules. If (wA, a^} < 0, 
then the Demazure module T4j(A) is preserved by the action of fi. Hence Vw{X) 
belongs to pj-Mod if (wA, a^} < holds for ah i G J. 

Definition 2.2. Let M G b-Mod. A filtration = Mq C Mi C • • • C A4 = 

Af is called a Demazure flag of M if every successive quotient Mi/Mi-i is 
isomorphic to some Demazure module. 
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For every j G /, it is known that the restriction functor p^-Mod — > b-Mod 
has the left adjoint functor Vi : b-Mod p^-Mod [ni[TS]. We often regard A 
as a functor from b-Mod to b-Mod in the obvious way. 

Proposition 2.3 ([16, Remark 8.1.18]). Let w € W, and w — • • • s^^ be 

its arbitrary reduced expression. Then the functor Vu, — 'Di,, ■ ■ ■ Vi-^ : b-Mod — > 
b-Mod does not depend on the choice of the expression. 

Definition 2.4. The functor : b-Mod — > b-Mod is called the Joseph functor 
associated with w ^ W. 

Note that for every i € I and M e b-Mod, the canonical b-module homo- 
morphism M — >■ 2?iM is defined as the image of the identity under the bijec- 
tion Horn pi-ModiT^iM, ViM) ^ Horn b-Mod(-M, ViM). The following lemma was 
proved in [111 Subsection 2.7 and Lemma 2.8 (iv)] for finite-dimensional q, and 
the proof goes without any change for general g: 

Lemma 2.5. Let i ^ L. 

(i) For every M e p^-Mod, the canonical b-module homomorphism M — > ViM 
is an isomorphism. In particular, we have T>fN = DiN for every N £ b-Mod. 

(ii) Assume that — >■ Mi M2 Q is an exact sequence of objects 
of b-Mod and M3 is isomorphic to some b-submodule of a finite- dimensional 
pi-module. Then the sequence DiMi 'DiM2 — >■ ViMa is exact. 

For A G ()*, we denote by C\ the one-dimensional b-module spanned by a 
weight vector with weight A on which {i G I) acts trivially. Note that we 
have 14(1 (A) = Ca for A G . Now we recall the following theorem: 

Tiieorem 2.6 ([m Proposition 8.1.17 and Corollary 8.1.26]). For every A G P+ 
and w G W , we have 

as b -modules. 

Corollary 2.7. Assume that M G b-Mod has a Demazure flag. Then V^M 
has a Demazure flag for every w G W . 

Proof. It is enough to show the assertion for w = Si. Let — Mq C Mi C • • • C 
Mfe — M be a Demazure flag of M . We show the assertion by the induction on 
k. For a Demazure module Vu,(A), we have from Lemma 12.51 (i) and Theorem 
HHthat 

AK,(A) ^ 

where I denotes the length function. Hence the assertion for fc = 1 follows. 
Assume A: > 1 and write Mk/Mk-i = Vw^i^k)- Recall that Vw^i^k) is defined 
as a b-submodule of V{\k). Hence this module is also a b-submodule of the 
pi-module U{pi)Vw^{\k) Q V{\k), which is finite-dimensional since ^(Afe) is 
integrable. Hence the sequence ViMk-i — t- ViM ViV^^iXk) is 
exact by Lemma 12.51 (ii), and then the assertion follows from the induction 
hypothesis. □ 



V;.^(A) a £{s,w) = £{w) + 1, 
V^iX) if i{s,w) ^ £{w) - 1, 



(2.1) 



5 



Let Z[P] denote the group ring of P with basis (A G P), and define for 
i G / a linear operator Di on Z[P] by 

1 — e 

where Si acts on Z[P] by 5^(6"^) = e'''^'^^. We call Di the Demazure operator 
associated with i. The following lemma is proved by elementary calculations 
such as Si{fg) = Si{f)si{g). 

Lemma 2.8. Assume that f G 1\P] is Si-invariant. Then we have 

D,ifg) = fD,{g) for every g e Z[P]. 
In particular, we have Df — Di. 

For a finite-dimensional semisimple ()-module M such that {A G [}* | A/a ^ 
0} C P, we denote the character of M by 

chAf = ^ dimA/A • G Z[P]. 

For every reduced expression w — Si^ ■ ■ ■ Si-^ of G W, the operator D^ — 
Dik ■ ■ ■ -Dii on Z[P] is independent of the choice of the expression [TBI Corollary 
8.2.10], and it is known that the character of a Demazure module is expressed 
as follows: 

Theorem 2.9 Theorem 8.2.9]). For every Demazure module Vw{X), we 

have 

chK,(A) = Z?^(e^). 

Corollary 2.10. Assume that M G b-Mod has a Demazure flag. Then for 
every w G W , we have 

chV^M ^ D^chM. 

Proof. By Corollary 12.71 it is enough to show the assertion for w — Si. Let 
= Afo C Afi C • • • C A/fe = M he a, Demazure flag of M. We show the 
assertion by the induction on k. Assume k = 1, and write M = Vw{X). If 
i{siw) — £{w) + 1, we have 

chV,V^{X) = chK,„(A) = D.^^e^) = D,chV^{X) (2.2) 

by Theorem [2Jl and Theorem [2:91 If £{siw) = ({vu) - 1, we have chPiT4,(A) = 
chK,(A) by dm]), and 

AchK,(A) = D^chV,,^,{\) = Achy,.^(A) = chK«(A) 

by (12. 2p and Lemma [^751 Hence the assertion for /c = 1 follows. Assume k > 1 
and write M^/Mk-i = Kofe(Afc). Then as proved in the proof of CoroUarv 12.71 
the sequence ViMk-i — ^ DiM — DiVw^iXk) is exact. Hence the 
assertion follows from the induction hypothesis. □ 

The following theorem is obtained by taking the classical limit of [TH The- 
orem 5.22]: 
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Theorem 2.11. Assume that g is symmetric (i.e. the Cartan matrix of q is 
symmetric). Then for every X, fj. £ and w £ W, the b-module Ca (8i Vw{p-) 
has a Demazure flag. 

Remark 2.12. In .X2.j Theorem 5.22], a given Kac-Moody Lie algebra is as- 
sumed to be simply laced. This assumption, however, is used only in |121 Lemma 
3.14] to apply a positivity result of Lusztig, and we can check that the proof 
of this positivity result in |19[ §22.1.7] goes without any change for every sym- 
metric Kac-Moody Lie algebra. Hence [T^l Theorem 5.22] holds for symmetric 
Kac-Moody Lie algebras, and so does the above theorem. 

From the theorem, we have the following corollary since the functor Ca ® — 
is exact: 

Corollary 2.13. Assume that q is symmetric. If M S b-Mod has a Demazure 
flag, then Ca ® M for A G P"*" has a Demazure flag. 

3 Nontwisted afRne Lie algebra 

From this section, we assume that g is a nontwisted affine Lie algebra with 
/ = {0,l,...,ri} unless stated otherwise. Let F be the Dynkin diagram of g, 
A = {aij)ij^i the Cartan matrix of g, A C f)* the root system of g, and A"*" C A 
the set of positive roots corresponding to b. In this article, we use the Kac's 
labeling of nodes of F in [T31 Section 4.8]. Let (oq, . . . , a„) (resp. (oq , . . . , a)^)) 
be the unique sequence of relatively prime positive integers satisfying 

ttijUj = for alH G / (resp. a^aij ~ for all j G /). 

Let d G () be the degree operator, which is any element satisfying (a^, d) = (Jq; for 
i £ I , K = X^iG/ ^t^t € b the canonical central element, and 5 — X^ie/ ^i'^i ^ 
()* the null root. For each i G /, let G be the fundamental weight, which 
satisfies 

(Ai, aj) = 5ij for j G / and (Aj, d) = 0. 
Note that we have 

P = ^ ZA, + C(5 and P+ = XI '^>^^^ + C^- 
iG/ iei 

Let ( , ) be the VF- invariant symmetric bilinear form on f)* defined by 

(tti, a-,) = a^^a^Vij, (ai,Ao) = (5oi for z, j G / and (Ao,Ao) = 0. 

We denote by n+ (resp. n~) the Lie subalgebra of g generated by {e; ] i G /} 
(resp. {/i 1 « G /}), and by g^ for a G A the root space of g. 

Let Iq — I \ {0}, and go C g be the simple Lie subalgebra generated by 
{ei,/i 1 i G lo} with Cartan subalgebra f)o ^ t} and Weyl group Wq C W. Let 
Aq C A be the root system of go, = Aq fl A+ the set of positive roots, 
Po ^ flo the weight lattice of go, Pq Q Po the set of dominant integral weights, 
Qo ^ Po the root lattice of go, and Qq — J2ieio '^>octi- Denote by rui G f)o and 
ccj,^ G f)o {i £ la) the fundamental weights and the fundamental coweights of go 
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respectively. For the notational convenience, we set ujq = and Wq — 0. We 
often regard ()q as a subspace of f)* by setting {1)q,K) = (fig, d) = 0. Then we 
have [)* = [)5 ffi CAo ffi CS. We denote hy 9 = J2ieio ^i'^i highest root of go, 
and by wq the longest element of Wq- Let (resp. Uq ) be the Lie subalgebra 
of go generated by {ci \ i e Iq} (resp. {fi \ i e Iq})- Set Cq, = and e_Q, = fi 
for i £ If), and for each a £ A(j" \ {a^ | « G /o} fix nonzero vectors e±Q, S g±Q, 
S f)o so that 

Recall that there exists a unique Lie algebra isomorphism 

g ^> go C[t, t-^] ®CK®Cd 

satisfying 

Ci i-> (8) 1, fi ^ fi®l {i £ /o), eo e_e ®t, fo^ee® t^^ , d ^ d. 

The Lie algebra structure of go ® C[i, t^-^] © CiiT ® Cc? is defined by 

[x r'+aii^ + y (g) t" + 02/;: + 62^] 

= [x, y] (K) + nbiy ®t" - mh2X ®t"^ + mS„i-n{x, y)K. 

In the sequel, we always identify these two Lie algebras via the above isomor- 
phism. It should be noted that we have 

p/o = 00 C[t] © Cis: © Cd. 

Set g' = [g,g], 

pj = pj n g' for J C /, and f)' = f) n g'. 

Note that we have pj = p'j©Cd and ()' = f)o©Cis:. Let cl: (]* ^ ([]')* = 
denote the canonical projection, and set P^i = cl(P). Since W fixes S, W acts 
on l)*/C5 and Pel- For ^ e Z, we denote by P^^ the subset {A G Pd \ (A, i^) = ^} 

of Pel. 

As [ISl (6.5.2)], we define for A G Pq an endomorphism t\ of f)* by 

txifi) = M + (m, - ((a*, A) + i(A, A)(a., K))6. (3.1) 

The map A M- defines an injective group homomorphism from Po to the group 
of linear automorphisms of ()* orthogonal with respect to ( , ). Let c; = fli/a,/ 
for i G /o, and define the sublattices M and M of Po by 

M = Zw{e), A7=0ZciW,. 

Let T{M) and T(M) be the subgroups of GL([}*) defined by 

T(M) = {tA I A G A/}, r(M) = {iA I A G M}. 

It is known that W ^ Wq x T{M) [T31 Proposition 6.5]. Define the subgroup 
of GL([)*) by ^ ^ 

W = WoK T{M), 
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which is cahed the extended affine Weyl group. The action of W preserves A, 
and w e Wq and A € M satisfy 

By Aut (r) we denote the group of automorphisms of the Dynkin diagram F, 
that is, the group of permutations r of / satisfying aij = aT{i)T{j) for all i,j G /. 
Let {)^ = Eie/Ktti + RAo C f)*, C = {A e l)£ | {X,ai) > for all i G /} 

be the fundamental chamber, and S C the subgroup consisting of elements 
preserving C. Then we have _ 

Since r G S preserves the set of simple roots, r induces a permutation of / 
(also denoted by r) by T(aj) = Q!^(j), which belongs to Aut(r) since ( , ) is 

T- invariant. By abuse of notation, we denote by E both the subgroups of W 
and Aut (F). 

Lemma 3.1. Let t he an arbitrary element ofT,, and f the unique element of 

Wo such that t E f ■ T{M). Then we have 

t(A + 0(5) = f (A) + (a + (A,ro:;f-i(o)))5 for A G Pq and o G C. 

Proof. As t^{ai) = ai mod Zi5 for every i G / and G M, we have T{ai) = 
f{ai) mod Z(5. This forces r(ai) = f (aj) + (5^(i),o^ for i & lo since r preserves 
{ao, . . . , an} and f G T4^o- Now the assertion follows since 

t(A + aS) = ^ (A, n7/)r(ai) + aiJ 

= f(A)+ (a+(A,ti7;f_i(oP)<5. 

□ 

We define an action of S on by letting r G S act as a Lie algebra auto- 
morphism defined by 

r{ei) = er{i), T{a() = a^^^^, T{fi) = fr{i) and r(rf) =d + zu^^oy 

This action obviously preserves b and b'. For a module M, we denote by t*M 

the pull-back of M with respect to r. The image of u G M under the canonical 
linear isomorphism M — )■ t*M is denoted by t*v. Note that this isomorphism 
maps the weight space M\ onto {t*M).^-i(^x)- 

Wo prepare some notation here. Let w G be an arbitrary element, and 
take unique elements w' G W and r G S so that w = w't. Then define a functor 

: b-Mod -)■ b-Mod by 

and a linear operator Dyj : Z[P] — )• Z[P] by 

Dw = Du,' o T, 
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where r acts on 1\P\ by rie^) — e'^^'^\ We set 

K;(A) = K„.(t(A)) forAGP+. 
Then we have the fohowing lemma: 

Lemma 3.2. (i) Let r € S, A G P+ and w G W. Then we have 

(t-i)*K„(A)-K.,(A). 

(ii) Assume M G fa-Mod has a Demazure flag. Then for every w G W , V^M 
has a Demazure flag and we have 

chV^M ^ Dy,chM. 

Proof. Since (T^^)*y(A) is an integrable highest weight g-module with high- 
est weight r(A), we have (t~^Yv{A) = V(t(A)). Moreover, we see that 
(t~^)*T4j(A) is the fa-submodule of (T^^)*y(A) generated by the weight space 
with weight tw{A). Hence the assertion (i) follows. Then, since the functor 
(t^^) is exact, the first assertion of (ii) follows from (i) and Corollarv 12.71 
Since we have ch(r~^)*Af — rchM, the second one follows from Corollary 

[nni □ 

Let Z[Pci] denote the group algebra of Pel with basis e'*' (A G Pci), and by cl 
we also denote the projection from Z[P] to Z[Pci] defined by i— >■ e'^'*^'*'-'. For 
each w £ W, a linear operator Dm on Z[Pci] is defined by 

cl o Dw — Dm o cl. 

Lemma 3.3. Let f G Z[P^']], and assume f is Wo-invariant. Then we have 

Dwifg) = fDw{g) for every g G Z[Pci] and w £ W. 

Proof. Since / G Z[P°j], we have so(/) = sg{f) = /, where sg denotes the 
reflection associated with 6. Hence / is Si-invariant for all i € I, and then the 
assertion is easily proved from Lemma 12.81 □ 

We need the following elementary lemmas later: 

Lemma 3.4. Let M G fa-Mod. For every w £W and C £ C , we have 

V^iCcs ® M) = Cci 8) V^M. 

Proof. It is enough to show the assertions for w = r G S and w = s;. The first 
case is obvious, and the second one follows since we have 

Hom t,_Mod(Cc5 «) M, M') = Hom b-Mod(M, <C^cs®M') 
^ Homp,.Mod(2?»M, C_c5 ® M') = Hom p^_Mod(Cc5 ® V,M, M') 

for every M' G prMod. □ 
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Lemma 3.5. Let Mi be an object of b-Mod which is generated by a weight 
vector vi, M2 an object of b-Mod, and $ a homomorphism of b' -modules from 
Ml to M2 which maps Vi to a weight vector V2 • 

(i) For some C £ C, $ induces a homomorphism of b-modules from Ccs ® Mi 
to M2. 

(ii) Assume further that M2 extends to an object of p^-Mod for some i £ /. 
Then there exists a homomorphism $ of p[-modules from ViMi to M2 satisfying 
$ = $ o t, where l: Mi — > ViMi is the canonical homomorphism of b-modules. 

Proof. Let Ai, A2 G (}* be the respective weights of vi,V2, and C = {X2 — Xi,d). 
It is easily seen that the induced map $' : Ccs 'S^ Mi — M2 preserves the weights, 
and hence it is a homomorphism of b-modules. The assertion (i) is proved. Then 
under the assumption of (ii), there exists a homomorphism <!>' : Vi{Cc's'^Mi) ^■ 
AI2 of pi-modules such that = <!)' o i since Vi is left adjoint to the restriction 
functor pi-Mod b-Mod. Since 'Di{Ccs ® Mi) = Ccs <S)'DiMi holds by Lemma 
13.41 required $ is obtained by restricting to p^. □ 

4 Kirillov-Reshetikhin modules 

Following [4], we define the following p/„-modules: 

Definition 4.1. For r £ Iq and £ e Z>o, let KR^'^ be the p/^-module generated 
by a nonzero vector u^.f with relations 

(Uq ® C[t])Vr.t — 0, (f)o ® tC[t])VrX = 0, hVr^l — {ivJr, h)Vrl for k G f), 

fr^^Vrj = ifr ® t)vr.i = and f^Vr.e = ioT i £ Iq \ {r}. 

We call KW'^ the Kirillov-Reshetikhin module (KR module for short) for p/^ 
associated with r and 

Remark 4.2. (i) Kirillov-Reshetikhin modules were originally defined in 0] as 
(go ® C[i])-niodules. Since we would like to consider KR^'^ as a b-module later, 
we adopt the above definition in this article. It is obvious that the restriction 
of KR^'^ to go "Xi C[t] coincides with the original one. 

(ii) As the name indicates, KR^'^ has strong connections with the Kirillov- 
Reshetikhin module W^'^ for the quantum affine algebra [/^(g) [H HI [S]. We 
return to this topic in Section [T] 

It is easily seen that the go-submodule C/(go)wr,f Q KR^'^ is isomorphic to 
the irreducible module with highest weight tvjr- For each w G Wq \ {id}, take 
and fix a nonzero vector ^ of this go-submodule whose weight is w{twr), and 

set V]^f^ = VrJ. 

Lemma 4.3. (i) Let w G Wq. For a G Qq and fc G Z, we have 



KR 



,r,l 

'ewi-nJr)-\-w{a)-\-kS 



( 



Cvl!',, if a = and k = 0, 
{0} otherwise. 



(ii) As a b-module, KR^'^ is generated by 
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Proof. The assertion (i) for w = id follows by definition. Since KR''-^ is finite- 
dimensional [21 Theorem 1.2.2], its weight set and dimensions of weight spaces 
are Wo-invariant. From this, (i) for general w is proved. Then (i) for w = wq 
implies (ii). □ 

The following theorem, which easily follows from [Tj Theorem 4], connects 
KR modules with Demazure modules. 

Theorem 4.4. Let r be an arbitrary element of Iq and £ a positive integer 
satisfying c~^£ G Z. Then there exists an isomorphism 

of p'j^^-modules which maps u^-i^^^ ® ^^'i '^t ( )(c"^£Ao)' 

Remark 4.5. If go is of ADE type, then c,- = 1 holds for all r G Iq. Hence the 
above isomorphism follows for all KR modules in this case. 

5 Fusion product 

The fusion product was defined in 6 as a construction of a graded cyclic (go ® 
C[i])-module. Here we slightly reformulate it as a construction of a p/^-module. 
Note that U{p'j^) has a natural grading defined by 

u{p'jf = {xeu{p'j I [d,x] = kx}, 

from which we define a natural filtration on U{p'j^^) by 

f^(P/o)-' = 0t^(P/o)'- 

q<k 

Let M be a cyclic p^^-module with a generator v, and denote by F^{M) for 
k e Z>_i the subspace U{p'jJ^''v of M. (Note that F'^M) = 0.) Then the 
associated p/Q-module gr^ (M) is defined by 

fe>0 

where d acts on {M) / F^~^ (M) as multiplication by k. 

Now we recall the definition of fusion products. Let M^, . . . , be a se- 
quence of objects of p/Q-Mod such that each is generated by a weight vector 
Vj, and ci, . . . ,Cp pairwise distinct complex numbers. For each I < j < p, define 
pj^-module M^^ by the pullback ip*^A'P, where (pc is an automorphism of pj^ 
defined by 

X (g) t^ 1-^ X (g) {t + c)'' for X € 00, K ^ K. 
For w G M^ , we denote by w' its image under the canonical map — > M^. . As 
shown in [6l Proposition 1.4], M^^ (8> • • • <8> M^^ is a cyclic pj^ -module generated 
hy v'l g) ■ ■ ■ ® v'p, and we define a p/^-module * • • • * Mf^^^^ by 

* ■ • • * M^;,,^ = grF„,^...^,, (Mc\ ® • • • ® MP ). 

When the parameters or generators are clear from the context, we write simply 
as Afi * • • ■ * MP , Afi * • • ■ * MP or M^ * • • • * M^. 
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Definition 5.1 ([5^). The p/Q-module AI^ * ■ ■ ■*Mp is called the fusion product. 
Lemma 5.2. (i) As (go ©'CK) -modules, 

(ii) Let Wi, . . . ,Wp be weight vectors of Mi , . . . , Mp respectively, and assume that 
U{Qo){wi ® ■ ■ ■ ® Wp) ^ U{qo){vi ® Vp). 

Then we have 

H= • • • =1= = * • • • * MP 
(in) For any c G <C, we have 

M^ . *---*MP ^ = M'^ *■••>(= MP 

(iv) M^^ (f/ie fusion product of a single module M^) is isomorphic to M^ as 
a p'j^^ -module. 

Proof. The assertions (i) and (ii) easily follow from the definition. As the auto- 
morphism ifc preserves the subspace U {p'j^)-^ ^ we have 

'Pc(C/(p^J^'=)(«i ®---®v'p)^ U{p',^)'^\v[ ® • • • ® v'p). 

Since the left hand side is equal to the filtration of M^^j^^ (S) ■ ■ ■ <E> M^^_|_^, (iii) 
is proved. When ci = 0, (iv) obviously follows. Then the assertion follows in 
general by (iii). □ 

6 Statement of the main theorem 

Now we state the main theorem of this article. This is a generalization of [SJ 
Theorem 2.5], in which the case go — SI2 is proved. 

Theorem 6.1. Assume that Qq is of ADE type. Let KK'^''^\. . .,KR''p^'^p be a 
sequence of KR modules such that £1 < ■ ■ ■ < ip, and set Vj — Vr^^i^ S KR^^'^^ 
for 1 < j < p. Then for arbitrary pairwise distinct covfiplcx nuuibeTs ci, . . . , Cp, 
there exists an isomorphism of b -modules 

CipA,+cs ® {KRZil KR:i'f^l * KRllf^ (6.1) 

= T^t^.i^^p) (C(£p-fp_OAo ® • • • ® ^t™o(".2) ('^(^2-fi)Ao ® ^'t^ot^.^jC^iAo) • • • ) 

with some constant C . 

We postpone the proof of this theorem to the latter part of this article. We 
see from Corollarv 12 . 131 and Lemma [3?2](ii) that the right hand side of (j6.1l) has 
a Demazure flag. Hence we can prove inductively using Lemma 13.21 (ii) that the 
following equation holds: 

Corollary 6.2. Under the notation and the assumptions of Theorem \6.1\ we 

have 

g£pAo+C5^,j^^^rp,fp ^ . . . ^ KR''^^^^ * KR''^''^^ 



Dt , 



/ (£p-£p_OAo...^ Ue2-h)^o.jj (e^iAo)N...y 
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Remark 6.3. The right hand side of (|6.ip also appeared in [T7]. In the article, 
it was proved that this module, which was called a generalized Demazure module, 
is isomorphic to the space of global sections of a certain line bundle on a Bott- 
Samelson variety. 

7 X = M conjecture 

In this section, we give an important application of Theorem 16.11 the proof of 
the X — M conjecture for type An^ and Dn\ Here, we assume that g is a 
general (possibly twisted) afhne Lie algebra. 

For a sequence u = ((ri, £i ),..., (r^, ^j,)) of elements of /q xZ>o and n S Pq , 
denote by M{iy>,ii,q) e Zfg"-'^] the associated jermionic form (see [5J [TU] for 
definition, in which the fermionic form is denoted by M{W, ^,q) with W = 
i<i<p W^'^^'^O- The most important result concerning fermionic forms in this 
article is the following theorem proved by Di Francesco and Kedem using the 
result of 1 : 

Theorem 7.1 ([5 ). Assume that g is of nontwisted type. For a sequence 
V ~ ((ri,£i), . . . , (?'p,^p)) oj elements of Iq x Z>o and pairwise distinct complex 
numbers Ci, . . . ,Cp, we have 

where we set q — e^* and denote by Vgg (fj.) the irreducible QQ-module with highest 
weight fj,. 

Remark 7.2. In [S], the above theorem was proved under the assumption that 
the dimension of each KR^^ '^^ is equal to that of the corresponding KR- module 
y^rrjAj for the quantum affine algebra [/^(g)- We can see from the pentagon of 
identities in [T3J Subsection 1.2] that this assumption in fact holds in general. 

From Corollary 16.21 and Theorem 17. 11 we have the following corollary: 

Corollary 7.3. Assume that g is of nontwisted type and go is of ADE type. 
Let V ~ ((ri,i?i), . . . , ir^^lp)) be a sequence of elements of Iq x Z>o such that 
^1 < • • • < Then we have 

qC ^e,Ao J2 M{iy,fi,q)chVM 

with some constant C, where we set q — e^^ . 

Next, we recall the definition of onc-dimensional sums. Denote by B^'^ the 
Kirillov-Reshetikhin crystal (KR crystal for short) associated with r € Iq and 
£ e Z>o. For nonexceptional g, it is known that B^'^ is perfect if and only if 
£ G CrZ [8 . Let B = B''"'^" ® • • • ® B^'i'^i be a tensor product of KR crystals, 
and D ~ Db : -B ^ Z the energy function defined on B. For the definitions of 
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these objects, see [Hllin]- The one-dimensional sum X{B,iJ,,q) G '^[q,q ^] for 
^ G Pq is defined by 

bGB 
eib=0 (ie/o) 
wt(&)— /i 

where are Kashiwara operators. In [21. Corollary 7.3], the following proposi- 
tion was proved: 

Proposition 7.4. Assume that g is of nonexceptional type. Let B = _B'"p''='-p^j' (g) 
• • • (g) _B''i''^'^i^i he a tensor product of perfect KR crystals such that ii < ■ ■ ■ < £p. 
Then we have 



^ceP+ 

■••A 



with some constant C , where we set q — e^^ . 

Now we show the following theorem from the above results, which is the 
X — M conjecture presented in [2J[TU]. This result for dIP is new. This has 
already been proved for An"^ in T5', but our approach is quite different from 
theirs: 

Theorem 7.5. Assume that g is of nontwisted, nonexceptional type and go is of 
ADE type {i.e. g = A'iP or oi^^). Let u = ((ri,£i), . . . , {r^.tp)) be a sequence 
of elements of Iq x Z>o, and B = B^"'^" • • • B^^'^^ . Then for every fi € Pq , 
we have 

q-''^^^''^^X{B,^,,q) = M{u,^,,q\ 

where u{B) denotes the unique element of B whose weight is X^KjXp^j^j- 

Proof. Recall that energy functions and one-dimensional sums are invariant 
under reordering of the given sequence by |24| Proposition 2.15], and so are 
fermionic forms by definition. Hence we may assume ii < ■ ■ ■ < tp. Then as 
Cr = 1 holds for all r € Iq, we have from Corollarv 17.31 and Proposition 17.41 that 



y2 X{B,fi,q)chVM^ Miu,fi,q)chVM (7.1) 



with some constant C", which implies 

q^"X{B,fl,q)=M{u,fl,q) 

for every ^ since the characters of irreducible go-modules are linearly indepen- 
dent. It remains to show C" = — _D(u(i3)). Let A = X^KjXp^j^i- Since 

^ X(S,M,g)chy,„(Ai) = ^g^('')e-*W 

holds by definition, the coefficient of e^ in the left hand side of (|7.ip is equal 
to q'-^ On the other hand, we easily see from Theorem 17.11 that the 

coefficient of in the right hand side is 1. Hence we have q'^ +d(u(B)) _ -^^ 
which implies C" — —D(u{B)). The theorem is proved. □ 
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8 b-fusion product 



We devote the rest of this article to prove Theorem 16.11 In this section, we 
introduce a construction of a b-module, which we call the b-fusion product, 
defined by modifying the definition of the fusion product in Section [5] This 
construction is essentially used in the proof of the theorem. Here we only assume 
that g is a nontwisted affine Lie algebra (that is, go is allowed to be of type 
BCFG) since the definition of b-fusion products makes sense in this setting. 

Let M^, . . . , MP be a sequence of objects of p/g-Mod such that each IvP is 
generated (as a p7„-module) by a weight vector Vj, and N an object of b-Mod 
which is generated (as a b-module) by a weight vector u. For pairwise distinct 
nonzero complex numbers ci, . . . , Cp, define a pj^-module M^^ ® • • • ® M^^ as in 
Section [SI 

Lemma 8.1. N ® M^^ (E) ■ ■ ■ ^ M^^ is generated by the vector u (E) v[ (E) ■ ■ ■ <E v'^ 
as a b' -module. 

Proof. The proof is similar to that of O Proposition 1.4]. Here we give it for 
completeness. Let z € N and Wj € for 1 < j < p be arbitrary vectors, and 
set w = z (E)w[(8) ■ ■ ■ (E Wp e N El (E> ■ ■ ■ Ei Mp^ (recall that Wj denotes the 
image of wj under the canonical map). First we show that for every x G Qo, 
1 < J < P and q € Z>o, there exists a vector Xj[q] e b' such that 

Xj[q]w = z E)w[E) ■ ■ ■ (E {{x E) t'')wj)' (g) • ■ • ® Wp. 

Since N and NP are finite-dimensional and ()-semisimple, there exists a suffi- 
ciently large positive integer L such that 0o'8)^^C[i] acts trivially on them. Since 
Xj[q] ~ satisfies the above equation for q > L, we may assume q < L — 1. 
Note that we have for fc > that 

{xE)t''+^)w = ^ ('^ ^ c'^^^^'^ -zEiw'-^Ei- ■ ■E){ixE>t'')wj)' E)- ■ -EiWp. 
'^<j<p ^ ^ 

0<g<L-l 

Consider the matrix of the coefficients: 




Since the determinant of this matrix is equal to 

det(a;^+-^)i<fe^£<pL 



n 



d 



i<3<P 
0<q<L-l 



-Xp(L-l)+j=Cj 



we see that this matrix is invertiblc from the assumption that ci , . . . , Cp are 
nonzero and pairwise distinct. Hence Xj[q] can be obtained as a linear combi- 
nation of X (8> t'^'*'^ (1 < ^ < pL), and our assertion is proved. From this, we can 
also prove that for every y G b', there exists a vector Y E b' satisfying 

Yw — yz E) w[ E) • ■ • E) w^. 

Now the lemma obviously follows. □ 



16 



Define the subspace C/(b')-'' C U{b') for k eZ similarly as U{p'jJ'^''. By 



considering the filtration 



(iV ® ® ■ • • ® Ml) = U{h')^\u ® v[ 



o{N®M}. ®---®M'P , we define Nu * „ * • • • * MP 
b-modulc 

N„ *M^ * ■■■ * MP 



®«;) (8.1) 



as the associated 



;r^ (N®M^^®---®MP), 



which we call the b -fusion product. We sometimes omit the parameters or the 
generators when they are clear from the context. It should be noted that in the 
definition of the b-fusion product, only the leftmost module is allowed to be a 
b-module, and the others are assumed to be p/Q-modules. By definition, it is 
easily seen for every £ € C that 



:£Ao ®[N*M^*---* MP] J, ^ [(Cmo ®N)*M^*---* MP] I 



(8.2) 



In some special cases, an original fusion product is connected to a certain 
b-fusion product by the following lemma: 



Lemma 8.2. Assume that each generator Vj of is annihilated by Uq 

we have the following isomorphisms of b -modules: 

(i) 



The 



M^ * Ml Ml - 



M^ * Ml * 



(ii) 



M} 



MP 



triv * \ * 



* MP 



MP 



where Ctriv denotes the trivial module. 

Proof. From the assumption, M^ is generated by vi as a b-module. Hence the 
right hand side of the isomorphism (i) makes sense. The isomorphisms easily 
follow from the definition since we have 

U{p'i,)-Hv'i ^v'^®---®v'p)^ U{b')^\v[ ® «^ • • • ® 

by the assumption and the Poincare-BirkhofT-Witt theorem. □ 

Remark 8.3. The isomorphism (ii) of the above lemma does not hold in gen- 
eral. For example, let M^ be a finite-dimensional irreducible go-module with a 
highest weight vector wi, which is considered as a p/g-module via the evaluation 
map p/„ — i> 00 : X ®t^ H- (5o.fca;, K,d ^ Q. Then by Lemma [5.21 (iv). the fusion 
product M}^^^^ is isomorphic to M^ . However, we easily see that the degree 
space of [Ctriv * -Mii,«J {, is one-dimensional, and hence they are not isomorphic 
unless M^ is trivial. On the other hand, [Ctriv * M^] ^ is isomorphic to M^ if a 
lowest weight vector of Af^ is chosen as a generator. As seen from this example, 
the b-fusion product is sensitive to the choice of generators. 
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Lemma 8.4. Let i E I. The b-module [N * * • • • * M^]^ extends to a pi- 
module if N extends to a pi-module and either of the following conditions is 
satisfied: 

(i) i G Iq md all Vj and u are annihilated by fi, or 

(ii) i — 0, K acts trivially on , . . . ,MP, and each vj (resp. u) is annihilated 
by ee ® C[t] {resp. eg t"!). 

Proof. The case (i) is easily proved since N (g) M^_^ (3 • • • is a p^-module 
and we have 

C/(b')-''(M (E> v[ (g) ■ ■ ■ (E) v'p) = U{p',)^''{u (E> v[ (g) ■ ■ ■ (g) v'p) (8.3) 

for each k. Let us prove the case (ii). Since K acts trivially, a pQ-module 
structure is defined on each M-!^ by letting /o act by 

{ee g) t-^)w' = - ® ^ ^ 

fc>0 

Note that the above sum is finite since e p/^-Mod. Hence Ng)M^^g)- ■ -g^MJ! 
extends to a pp-module. Moreover the equality (|8.3p also holds in this case from 
the assumption. Hence the assertion also follows in this case. □ 

Take arbitrary vectors Wj G AP (1 < i < p) and z E N. Let k be the unique 
integer such that 

and denote hy z * wi * ■■■ * Wp the vector of [A^ * * • • • * M^*] ^ which is the 
image of z g) w'l g) ■ ■ ■ g) w'p under the projection 

F'=(iV g)---g) MPJ ^ F'=(iV g)---g) MPJ/F''-^N g)---g) MPJ. 

Note that u * vi * ■ • ■ * Vp is a generator of [A^ * Af^ * • • • * AJp] ^. The following 
lemma, which obviously follows by definition, is important for the later argu- 
ments. 

Lemma 8.5. Let X G U{b')'' . Then X annihilates u * vi * ■ ■ ■ * Vp if and only 
if there exists some Y G U{b')-''^^ satisfying 

{X - Y){u g)v[(g---^v'p)=0. 

9 Proof of the main theorem 

Now, we begin the proof of Theorem 16.11 Assume that g is a nontwisted affine 
Lie algebra and go is of type ADE. For a given sequence of KR modules 
KR''^'^^. . .,KR''''''^p, we set = KR''^''^^ and Vj = Vr^,i^ G IVP for 1 < j < p 
for short, and write vJ — v^, ^, E for w G Wq (defined in Section S]). 

We shall show the theorem by the induction on p. The assertion of the 
theorem for p = 1 follows from Lemma [5?^ fiv). Theorem l2.6l Theorem l4.4l and 
Lemma 13.51 (i). Assume p > \. By Lemma 15.21 (iii), we may (and do) assume 
Cp = 0, which implies ci,...,Cp_i are nonzero. First we show the following 
lemma: 
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Lemma 9.1. We have the following isomorphisms of b' -modules: 

^\Vt , AipAo)u, „ , ,*M''-„^ ^---^M^^o] , (9.1) 



and 



'0(='i-p) 



C£ An * M''™o^ * • • • * MK 



(9.2) 



Proof. Since 

C^(0o)(<'' ® • • • ® <") = t/(0o)(^^p vi) 
holds, we have from Lemma [5.21 fii) that 



Cp-l,fp_i 



whose right hand side is isomorphic to 



-"0 

"p-1 



by Lemma 



(i). Hence we have using (|8.2p and Theorem 14.41 that 



* AfP"^ * • • • * Afi 



;^*.„<„.,,(^pAo)„,^^^^ * A/g * ... * Af^^^o 



The isomorphism (19. ip is proved. Let us prove (j9.2p . By the induction hypoth- 
esis, there exists an isomorphism 

^*™o(".p_i) (*^(^p-i-^p-2)Ao » • • • » A™„(„.,)C£iAo) 

whose right hand side is isomorphic to 



Ctriv * M^u,} *...=(! Af^u,o 

p — 1 



p-i 1 

by Lemma 15.21 (ii) and Lemma 18.21 (ii) . Hence we have using (|8.2p that 
(left hand side of 



•fpAo 



p—1 ^ 



1. " 7). " 



The isomorphism (19. 2p is proved. 



□ 



By Lemmas 19. ll and l3. 51 fiV in order to prove the theorem it suffices to show 
the following isomorphism of b'-modules: 



'0("T-p) 



(^pAo)„, 



'0("rp) 



An * M^'-o^ *...=(= Af\. 



(9.3) 
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Let w G W and r G S be unique elements satisfying wt — t^g(^^^ ), and 

w — Si^ ■ ■ ■ a reduced expression. For < q < k, let w"^ ~ Si^ ■■ ■ Si^r S W , 

and be the unique element of Wq satisfying w'^ S W • T{M) (note that 
— id). We also write r for I(J°. Then since 

holds, we see that the isomorphism (j9.3p is deduced by the induction on q from 
the following two propositions, and hence Theorem 16. II is established: 

Proposition 9.2. We have 

[q An * ^^''"^ "0 *---*M'^ ™, 



Proposition 9.3. For each I < q < k, we have 

L p— 1 l " 

p— 1 1 



as b' -modules. 



To show Proposition [9?2l we need to prepare several lemmas. The following 
one is proved similarly as |13l Lemma 3.8]: 

Lemma 9.4. Let M be a finite- dimensional p'j -module. Then for every w G 
14^0, there exists a linear automorphism rj^ of M satisfying 

kd{r]y,){h ® t") =w{h) ® for h e\:)o,s (eZ>q, Ad{?]^){K) = K, 
Ad(77^)(eQ (g) i") = a^(a)e^,(Q) <S) for a G Aq, s G Z>o, and 
7y^(MA) =M,,(A) forX£t)*/CS, 

where Om^a) are some nonzero complex numbers which do not depend on M. 



By applying Ad(77^|-, ) given in Lemma 19^ to the defining relations of KR^' 
in Definition 14. 1[ the following lemma is proved: 

Lemma 9.5. The annihilating ideal of v^^ G KR^'^ in ?7(pj^) is generated by 

no®C[i], l)Q(E)tC[t], h~ {wo{emr),h) (het)'), 
e\^^ , Cf'Sit, and {ieIo\{f}), 

where f is the node of Iq such that WQ^ar) — ~af. 

Lemma 9.6. For c G C, the annihilating ideal of v^f G KR^^ ^ in U[b') is 
generated by 

no(8)tC[i], ()o® (t-c)C[t], h ~ {wQ{e.vjr),h) (/i G ()'), 
ep"'"\ ef®{t-c), and G /o \ {r}). 
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Proof. Let / be the subspace of U{b') spanned by the above vectors. From 
Lemma 19.51 we see that the annihilating ideal of in C/(pj^J is equal to 
U(p'j^) (^I + xIq). We have to prove that 

U{p'J{l + n-)nU{b')CU{b')L 

Since U(p'jJ = U{b') ®U (p'jJwq holds by the Poincarc-Birkhoff-Witt theorem, 
it suffices to show that 

U{p'jJICU{b')I®U{p'Jn,. 

Then since we have U{p'j^) — U{b')U{nQ) and U{n'f^) is generated by {fi \ i € 
Iq}, it is enough to prove that fil C I Q)U{p'j holds for i E la, which is 
proved by elementary calculations. □ 

Lemma 9.7. There exists a nonzero complex number b satisfying the following 
statement: for every KR module KW'^ and c G C, there exists a homomorphism 

of b' -modules which maps v^°^' to T*ti™° . 

Proof. Since KR]!'^ is generated by v^f as a b'-module, it suffices to show 
for suitable b e C* that if X e U{b') annihilates v^^^f e KR"^'^, then t{X) 
annihilates w™"' G KRlf. Since the f)'-weights of v';^'^' £ KR"-/ and t*w™°' G 

T*KRl'^ coincide, we may assume X G C/(n+). Let «o = r^^(O) G /, and 
tpig : U{b') — > U{p'j^^) be an algebra homomorphism defined by 

ij,^{x(Sit^)=x(»t''+'^°'''^V for a; G 0a (a G Ao), 
^^^^{h®^) = h®f for /).Gt)o, ^i„{K)^K. 

Using Lemma [9.61 we easily check that 'ipi^^{X) also annihilates w™^' G KR^'^. 
Let rj — rfY he the linear automorphism of KR^'^ given in Lemma 19.41 Then 
since ?7«f ) G C*v^^"' holds by LemmaOl Adiri)o^i^{X) annihilates v^^"' G 
KR^'^, which is equivalent to that (pc o Ad(77) o ipi^ (X) annihilates v^^° G KR^'^ 
{(fc is defined in Section [S]). It is easy to see from Lemma [XT] that there exists 
some bi G C* for each i G / such that 

Ad(77) oi/'io(er-i(i)) = biBi. 

Define a linear automorphism H on KR^'^ by 

H{u) ^ Yl b;''^'^'^ -u if u G KR''/ (A G P), 



where G f) are the fundamental coweights of g. Ad{H) o ip^o Ad(?7) o ij^^^ [X) 
annihilates v™° since it is a weight vector. Set b — Hie/ ■ 1^ easily checked 
that 



kd{H) oip^o Ad(77) o '0io(e^-i(i)) 




t + bce^g if i = 0, 

otherwise, 
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which imphes 



Ad{H) oip^o Ad(?7) o ipig = (pbc°T on ?7(n+). 
Hence we see that ipbc ° t(X) annihilates v™° , which is equivalent to that t(X) 



annihilates v™° G KRl'^. The assertion is proved. 
Now, we give the proof of Proposition [ 



□ 



Proof of Proposition Iff.gl Note that the right hand side of Theorem 16.11 does 
not depend on the parameters ci, . . . , Cp. Hence from the induction hypothesis 

on p and the proof of (j9.2p . we see that the b-module 



Zi An * M^-^ „o 



also does not depend on the parameters, and in particular we have 



C„_i.tl 



where b is the complex number given in Lemma 19.71 Hence the proposition is 
equivalent to the following isomorphism of b'-modules: 



* • • • * M,^_i 



Let us prove this. Let ui G C^pAo and U2 G CfpA^(o) be nonzero vectors. Since 
dimensions of two modules are equal, it suffices to show there exists a surjective 
homomorphism of b'-modules from the right hand side to the left hand side 
mapping {t^^)*{ui * v^^^ * • • • * v^°) to U2 * * • • • * u™", which is equivalent 
to show that if e U{b') annihilates ui * v^^^ * • • • * v^" , then t{X) annihilates 

U2 * i>p-i *■ ■ ■* • We may assume X G U{b')^ for some 7 G Qo and s G Z>o, 
where we set 

Uib% = {Ze Uib'Y I [h, z] = (7, h)z for hel)o}. 

By Lemma 1531 there exists Y G C/(b')-'*"^ such that 

{X - Y)iui v;°^' = 0, (9.4) 

and we may assume Y G C/(b')y*~^. We see from Lemma [9.71 that there exists 
a homomorphism of b'-modules 

Q.Ao ® M^'. , ® • • • ® Mi_,^^ ^ r* (c,pA.<o, ® M.f-i ® • • • ^ M,\) 

™°'). From this 



which maps ui (g> v^"^' (g) • • • (g) w]""' to r* (1*2 (g w™? ' (g) • • • (g w 



and (j9.4p . we have 



t{X - Y){u2 ® «™? ® • • • ® wl'"" ) = 0. 



Moreover, we have t{X) g C/(b')- ' 



and t{Y) G [/(b'£!t^'''"'"°^ ' from 



Lemma [3. 11 where we set iq = t^-^{0). Hence by Lemma [8.51 t{X) annihilates 
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U2 * * • • • * v™° . The assertion is proved. □ 
It remains to prove Proposition [ 



Proof of Provosition WM We abbreviate = Miu<!(£pAo)) ^9 = Vw<i{iph^n) and 
= vj""^". Fix 1 < q < k, and assume when q > 1 that the assertion of the 

proposition holds for q' < q. Then we see that (Vij_i)„g-i * Af^gl\ *• • -^M^g^i 

"p-i "1 J fa 

has a Demazure flag from the induction hypothesis on p, Corollarv l2.13[ Lemma 

1321 (ii), and Proposition O 

Recall that, by the definition of Demazure modules, there exists a canonical 
embedding Vq-i ^ Vq. Let z''"^ denote the image of u''~^ under this embed- 
ding. It should be noted that z'~^*t;pli[*- • -^w^^^ ^ {Vq)u<i*M^^^ *■ ■ ■*AI\ 
is not a generator. 

Claim 1. There exists a homomorphisni of b'-modules 



which maps u"^ ^ * "^p-i * ■ ■ ■ * ^ to z"^ ^ * ^^p-i * ■ ■ ■ * vf ^ 



It suffices to show that, ii X E U (b') annihilates u'' ^ * "^p-i * 



X also annihilates z'' ^ * * ■ ■ ■ ^vf ^ . We may assume that X G C/(fa')* for 
some s G Z>o. Then there exists some Y G U{b')-^~^ satisfying 

{X - ® w^:}' ® ■ • ■ ® ^r'') = 

by Lemma [831 Obviously, 

{X - «) f;^:}' t-r^') - o (9.5) 

also holds. Let N be the unique integer such that 

<E) vlZi t-r'' i U{b')^''-\u'i ® vl_^ ®---® vf) and 

z'^'^ ® vp^ t-r'' e C/(b')-'^(u' ® vl_^ ® • ■ • ), 

and Zat G ;7(b')^ and Z<n-i e ?7(b')-"~^ be vectors such that 

{Zn + Z<Ar_i)(u« (g) (g) • ■ • ® i;f ) = (g) t;^:}' (g ■ • ■ (g w'"^'. 

Then we have from (|9.5p that 

= ® ® • ■ • ® vr^') - xz<N-i{u'i ® I'^^i' ® ■ • ■ (g ) 

= (y(ZAr + Z<JV-l) - XZ<Ar_i)(u9 ® ® • • • (g ). 

Since 

XZat g C/(b')'+" and r(ZAr + Z<Ar_i) - XZ<N-i e C/(b')-'+^"\ 
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XZ]sf{u'^ * Vp_i * ■ ■ ■ *v'l) = holds by Lemma 15751 On the other hand, we have 
by definition that 



Zn(u'^ * Vp_i * • • • * v\) = ^ * ^p~\ * ■ ■ ■ *v\ ^ . 



Hence 



holds, and Claim 1 is proved. 

Set i — iq. By Lemma 18.41 the b-module (Vq)u<i * * • • • * Al\ 

^p— 1 1 

extends to a p^-module. Then by Lemma 13.51 fii). there exists a homomorphism 
of p --modules 



V,, 



which makes the following diagram commutative: 



L ^1 

where the vertical map is the canonical one. 

Claim 2. The homomorphism $ is surjective. 

It suffices to show the image of $ contains the generator u'^ * Vp_i 
whose [) '-weight A is equal to 

A = cl(w«(£pAo) + W«ioo(^jWr,)) e Pel. 

i<j<p-i 



Q 



Note that the image of $ contains ^ * vl ^ * 



p 1 =fc ii' ?^ * . . . !|c ti^ whose [}'-weight /i is 



^ = cl(7««"l(^pAo)+ Yl W^-^M^J^r,)) ^ 3,{\). 
i<j<p-l 

As the image is a p^-module, its weight set contains Si(/i) = A. Since (Vij)„g * 



• • • * mK 



is isomorphic to Vlj 



' as a (go ® Ci4r)-module, it is easily 



checked that the weight space with weight A is one-dimensional. Hence the im- 
age contains the generator, and Claim 2 is proved. 

Now, the following claim completes the proof of the proposition: 

Claim 3. The dimensions of the both sides of $ are equal. 
The dimension of the right hand side is equal to 



dim 

i<j<p-i 



(9.6) 
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Let us calculate the dimension of the left hand side. As stated at the beginning 



of this proof, 



has a Demazure flag. Hence by Corollary 



12.101 the character of the left hand side of $ is equal to 



Ach 



For a f)'-semisimple module M whose f)'-weight set is contained in Pel, denote 
by chM G 'Z[Pci\ the f)'-character of AI. Since each AI^ is a finite-dimensional 
(go ffi C-fir)-module on which K acts trivially, cliM^ belongs to Z[P°j] and is 
Wp-invariant. Hence we have from Lemma 13.31 that 



cl o Di ch 



9-1 



.AP-^ *---*AP 



D, ch * AJP-^ *...=(= Afi 



= Di I chVg-iX Y[ chAp]= Yl ch AP X D,chVg-i 

i<j<p-i ^ i<j<p-i 

= Yl ch AP X cl o D, ch Vq-i. 

i<]<p-i 

Since DichVq-i — chVq by Theorem 12. 9[ we see that the dimension of the 
left hand side is equal to (j9.6p . Hence Claim 3 is proved, and the proof of the 
proposition is complete. □ 



As stated above. Theorem 16.11 is now established from Propositions 19.21 and 

Remark 9.8. In Theorem 16.11 it is assumed that go is of ADE type. The 
author, however, expects the theorem to be true for general types if all given 
KR modules satisfy the assumption of Theorem 14.41 In fact, all the proof of 
the theorem can also be applied in this case, except for the Joseph's theorem 
(Theorem 12. lip which is needed in the final step of the proof. Hence to prove 
the theorem for non-simply laced type by our approach, it is needed to prove the 
Joseph's theorem for this type. Since Proposition 17.41 has already been proved 
for nonexceptional type, this would also imply the X = AI conjecture for perfect 
KR crystals of type Bn^ and Cn^ . 
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